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A SHORT PROOF OF A CONJECTURE BY BEN-AKIVA AND
LERMAN ABOUT THE NESTED LOGIT MODEL
ALFRED GALICHON§
Abstract. We provide a short proof of a result by Cardell (1997) on a conjecture of
Ben-Akiva and Lerman (1985) regarding the random utility representation of the nested
logit model.
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Ben-Akiva (1973) introduced the nested logit model in his PhD thesis. In the light
of McFadden’s (1978) theory of generalized extreme value distribution, one may view the
nested logit model as a choice model over various alternatives j ∈ J =
⋃
n∈N Jn, where
n ∈ N is a nest, and Jn is the set of altenatives in nest n. The utility associated with
alternative j in nest n will be Unj + εnj, where Unj is the deterministic (“systematic”) part
of the utility and εnj is a random utility term. The nested logit model specifies that the
random vector (εnj) has cumulative distribution function (c.d.f.) Fε given by
Fε ((anj)) = exp

−∑
n∈N

∑
j∈Jn
e−
anj
λn


λn

 , (1)
where λn ∈ (0, 1] is a measure of how correlated the random utility terms are whithin nest
n, λn = 1 meaning full independence, and the limit λn → 0 meaning perfect correlation
whithin the nest. As pointed out in McFadden (1978), the correlation between random
utility terms whithin nest n is not given by 1− λn. The correct formula for the correlation
(1−λ2n) had been obtained by Tiago de Oliveira (1958) from a non-trivial analytic derivation.
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In their 1985 book, Ben-Akiva and Lerman proposed (section 10.3) a heuristic inter-
pretation of the nested logit model. Calling G (µ, β) the distribution of the Gumbel ran-
dom variable with location-scale parameters (µ, β), whose cumulative distribution function
(c.d.f.) is thus Fǫ (z) = exp (− exp (−z)). Ben-Akiva and Lerman (p. 282) conjectured that
if ǫ ∼ G (0, 1), there is a random variable η independent from ǫ such that λǫ+ η has distri-
bution G (0, 1). This conjecture allowed them to derive the correlation structure between
the random utilities whithin a nest. The existence of η was shown by Cardell (1997) who
provides a beautiful, yet nontrivial, proof using complex analysis techniques. The result in
the present note is to provide a much shorter proof, involving “positive stable distributions”,
which are defined as follows in Feller (1971), XIII.6, pp. 448–4491:
Definition. For 0 < λ ≤ 1, there is a probability distribution P (λ) called the positive
stable distribution with parameter λ whose Laplace transform is t→ exp
(
−tλ
)
.
Our main result is the following lemma, from which the result of Cardell (1997) directly
follows:
Lemma. For 0 < λ ≤ 1, if random variables ǫ and Z are independent, and ǫ ∼ G (0, 1), and
Z ∼ P (λ) has a positive stable distribution with parameter λ, then ǫ+ logZ ∼ G (0, 1/λ).
Proof. Assuming ǫ ∼ G (0, 1), and Z ∼ P (λ), we compute the c.d.f. of ǫ+ logZ as
Fǫ+logZ (x) = Pr (ǫ+ logZ ≤ x) = E [E [1 {ǫ ≤ x− logZ} |Z]] = E [Fǫ (x− logZ)]
= E [exp (− exp (logZ − x))] = E [exp (−Z exp (−x))] = exp (− exp (−λx)) ,
which is the c.d.f. of the G (0, 1/λ) distribution.
As a result, we can deduce the moments of η := λ logZ, as done in Ben-Akiva and
Lerman (1985), section 10.3. The expectation of η is E [η] = (1− λ)E [ǫ] = (1− λ) γ where
γ is Euler’s constant. The variance of η is var (η) =
(
1− λ2
)
var (ǫ) =
(
1− λ2
)
π2/6. More
generally, the moment generating function of η is given by
E
[
etη
]
=
Γ (1− t)
Γ (1− λt)
.
1the existence of positive stable distributions was established in Pollard (1948), using a lemma in Bochner
(1937).
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Thus we can provide rigorous ground for Ben-Akiva and Lerman’s heuristic representation
of the nested logit model, which we recall in the following proposition. Note that the
correlation structure was first rigorously derived by Tiago de Oliveira (1958) using very
different techniques, see also p. 266 of his 1997 book.
Proposition. If (εnj) is a random vector distributed according to the nested logit distribu-
tion (1), then one can represent the random vector ε as
εnj = λn (ǫnj + logZn) (2)
where ǫni ∼ G (0, 1) and Zn ∼ P (λn) are all independent. In particular, the correlation
between εnj and εn′j′ is
(
1− λ2n
)
if n = n′, 0 otherwise.
Proof. Letting ηn = λn expZn, the c.d.f. of the vector (λnǫnj + ηn)nj is
Pr (λnǫnj + ηn ≤ anj∀n ∈ N ,∀j ∈ Jn) = Pr
(
ηn ≤ −max
j∈Jn
{−anj + λnǫnj} ∀n ∈ N
)
.
But maxj∈Jn {−anj + λnǫnj} has the same distribution as λn log
∑
j∈Jn
exp
(
−anj
λn
)
+ λnǫn
where ǫn has a G (0, 1) distribution and the ǫn and the ηn terms are all independent. Hence
the c.d.f. of λǫ+ η is
Pr

λnǫn + ηn ≤ −λn log ∑
j∈Jn
exp
(
−anj
λn
)
∀n ∈ N


which, as (λnǫn + ηn) are i.i.d. with distribution G (0, 1), is the same as expression (1),
QED.
We conclude this note by several remarks.
1. The probability distribution function fλ associated with P (λ) is in general not avail-
able in closed forms, except for a few cases, namely λ = 1/3, 1/2 and 2/3, in which case one
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obtains
f1/3 (x) =
1
31/3x4/3
Ai
(
1
31/3x1/3
)
f1/2 (x) =
1
2π1/2
1
x3/2
exp
(
−1
4x
)
f2/3 (x) =
24/3 exp
(
−4
27x2
)
33/2π1/2x7/3
U
(
1
2
,
1
6
,
4
27x2
)
where Ai is the Airy function and U is the confluent hypergeometric function; see Dishon
and Bendler (1990).
2. In general, fλ cannot be given an explicit expression, but can expressed as a convergent
series expansion using Humbert’s (1945) formula
fλ (x) =
−1
π
∞∑
k=0
(−1)k
k!
sin (kπλ)
Γ (λk + 1)
xλk+1
.
3. The reason why the distribution Pλ is called “stable” is that if ǫ1, ..., ǫn are i.i.d.
random variables drawn from that distribution, then∑n
k=1 ǫ1
nλ
∼ Pλ.
4. Representation (2) allows to view the nested logit model as a mixed logit model.
Indeed, it implies
Pr
(
Unj + λn (ǫnj + logZn) ≥ Un′j′ + λn′
(
ǫn′j′ + logZn′
))
= E
[
Znj exp (Unj/λn)∑
n′∈N ,j′∈Jn′
Zn′j′ exp
(
Un′j′/λn′
)
]
,
where Znj ∼ P (λn), and therefore, if the Z
k
n, k ∈ {1, ...,K} are K draws from the P (λn)
distribution, one can approximate the previous expression by
K∑
k=1
Zkn exp (Unj/λn)∑K
k′=1
∑
n′∈N ,j′∈Jn′
Zn′j′ exp
(
Un′j′/λn′
) .
Note that the simulation of positive stable distribution is discussed in Ridout (2009), where
an algorithm is proposed and implemented in R.
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